CLASSIFICATION OF SPIN STRUCTURES ON THE 
NONCOMMUTATIVE n-TORUS 



JAN JITSE VENSELAAR 

^_«^ Abstract. We classify spin structures on the noncommutative torus, and 

find that the noncommutative n-torus has 2™ spin structures, corresponding 
to isospectral deformations of spin structures on the commutative n-torus. 
For n > 4 the classification depends on Connes' spin manifold theorem. In 
addition, we study unitary equivalences of these spin structures. 

00 
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in the work of Milnor 27 ; for example, on a (commutative) n-torus, there exist 
("^ 2" inequivalent spin structures. No such general classification of spin structures 

in currently know in noncommutative geometry — this amounts to classifying the 
possible real spectral triple structures on a C* -algebra. In this paper we prove that 
i i there exist precisely 2 n different real spectral triples on a noncommutative n-torus, 

and that these structures are isospectral deformations of spin structures on the 
commutative n-torus. 



> 



1. Introduction 

The different possible spin structures on a differentiable manifold were classified 



The noncommutative torus A(Tg), or irrational rotation algebra, is one of the 



iy-^ first nontrivial examples of a noncommutative topological manifold, given as a 



deformation of the usual commutative torus 17 31 16 . The parameter 9 is a 
number for a noncommutative 2-torus, and an antisymmetric n x n matrix for 
higher dimensional tori. 

The analog of putting a spin structure and a metric on this algebra is to enhance 
it into a real spectral triple in the sense of Connes [8] |9j. This introduces a set 
of extra parameters r', which are the analogue of the size of the torus. The non- 
commutative n-torus, both topologically and with spin structure, has found many 
J^j applications in mathematical physics, for example [4], |25| and [3j. A noncommu- 

tative spin structure can certainly be constructed by deforming a spin structure on 
the commutative n-torus [13] , so the question becomes whether this deformation 
gives all possible spin structures on the noncommutative n-torus. 

In dimension 2, the problem was solved by Paschke and Sitarz |28, Theorem 
2.5], who showed that a noncommutative 2-torus admits exactly 4 different real 
spectral triples (which are deformations of spin structures on the commutative 
torus). This result can be reformulated as follows: any real spectral triple which 



is equivariant with respect to a 2-torus action in the sense of [34] (see section 2.1 1, 
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is an isospectral deformation of a spin structure on a commutative 2-torus. Note 
that an equivariant action of n-torus is different from an n-torus action as in 11 



the former is a condition on the spectral triple, the latter is an action along which 
the algebra is deformed. 

Our first result is that the theorem of Paschke and Sitarz holds true in arbitrary 
dimension: 

Theorem A. All irreducible real spectral triples with an equivariant n-torus actions 
are isospectral deformations of spin structures on an n-torus. 

The proof of 128) Theorem 2.5] does not generalize readily to higher dimensions. 
Rather than working with the grading operator, which only gives nontrivial con- 
ditions in the even-dimensional case, we use the reality operator first. Then we 
establish that out of several possible candidate structures only one satisfies the 
growth condition and compact resolvent condition on the Dirac operator. Also, our 
proof uses at a crucial point Connes' reconstruction theorem [10| Theorem 11.5]. 
We describe the spin structures explicitly in Theorem [C] 

In a celebrated paper [l] (see also [2j Theorem 1]), Adams used the classification 
of independent vector fields on spheres to deduce elementary results on Radon- 
Hurwitz numbers of certain classes of matrices. Similarly, our Theorem [X] can be 
used to prove the following elementary result on Hermitian matrices, for which we 
do not know an elementary proof: 

Corollary 1. A set of2 b x 2 b Hermitian matrices where n = 2b+l, such 

that the equation 



det XiA^J 



0, 



only has the zero solution {x.i — 0)™ =1 in W 1 , generate a Clifford algebra if and only 
if 

n 

creS n i 

for some nonzero A £ K. 

After we have obtained a classification, we study equivalences between different 
real spectral triples on the same noncommutative n-torus. For a commutative n- 
torus, the diffeomorphisms of a torus act affine on the set of spin structures identified 



with the vector space as shown in 15 . In particular, for the commutative 2 



torus, there are two orbits, one consisting of one element, and the other consisting 
of three elements. In the case of the noncommutative torus the full diffcomorphism 
group is not known when n > 2. Restricting to inner automorphisms of the algebra, 
we can show the the following. 

Theorem B. Except for a set of 9 of measure 0, the different spin structures of the 
smooth noncommutative n-torus A(Tg) cannot be unitarily equivalent by an inner 
automorphism of the algebra. 

We also compute the action of unitary transformations induced by some outer 
automorphisms on the spin structures. These are the action of SL(2,Z) on the 
noncommutative 2-torus and the flip automorphism on the noncommutative n-torus 
for n > 2. 



CLASSIFICATION OF SPIN STRUCTURES ON THE NONCOMMUTATIVE n-TORUS 3 



The set of of measure in Theorem [B] is determined by some Diophantine 
approximation conditions given in 15], and includes the with only rational entries. 

In addition to unitary equivalences of real spectral triples, one could also look at 
Morita equivalences of real spectral triples (37) Chapter 7.2], even though it is not a 
true equivalence since it is not symmetric in general |12| Remark 1.143]. It would be 
interesting to study Morita equivalences of spin structures on noncommutative tori, 
especially since all Morita equivalences of the algebra of functions on the smooth 



noncommutative tori are known 32 20 Theorem 1.1]. We hope to return to this 
question in the future. 

2. Definition of a real spectral triple 

Since there are various, slightly different, definitions of real spectral triples, cf. [9] 
Pages 159-162], [37] Chapter 3],[22j Chapter 10], and we need to refer to the axioms 
unambiguously, we will explicitly state the definition of real spectral triple we use. 
For the definition of an equivariant spectral triple, see section [2~T| A spin structure 
on a manifold M, of dimension n, is a nontrivial double cover of the principal 



SO(n) bundle of orthogonal frames of the tangent bundle TM 26 Chapter II. 1]. 
After [10] , we know that a real spectral triple is the right noncommutative geometry 
analog of a spin structure on a manifold. 

For a real spectral triple we have the following data: 

• A unital, Frechet algebra A, ^-isomorphic to a proper dense subalgebra of 
a C*-algebra which is stable with respect to the holomorphic functional 
calculus, 

• A separable Hilbert space H with a representation of A acting as bounded 
operators, 

• An unbounded self-adjoint operator D, called 'Dirac operator', 

• An antilinear isometry J of H onto itself, called 'reality operator', 

• An integer n > 0, called 'dimension', 

• If n is even, a self-adjoint unitary operator T of % onto itself, such that 
r 2 = Id, called 'grading operator'. We call the the spectral triple even in 
this case. 

These objects also satisfy the Axioms [T] to [9] in order for them to be called a real 
spectral triple of dimension n. 

Axiom 1 (Compact resolvent). The Dirac operator D has compact resolvent, that 
is, D has finite dimensional kernel and D^ 1 (defined on the orthogonal complement 
of the kernel) is a compact operator. Furthermore, for all a £ A, [D,n(a)] is a 
bounded operator. 

Axiom 2 (Grading operator). If n is even, the Z2 grading operator T splits the 
Hilbert space H as H + and H~ , where H ± is the (±) eigenspace ofT. The operator 
D is odd with respect to this operator, DT = —TD, and the representation ir of A 
on H is even, so we can write 

^=(0 l) D= (d+ D Q 
where D + and D~ are adjoint to each other. 

Axiom 3. The operators J, D and T satisfy the commutation relations from Ta- 
ble^ and the operator J is unitary: ,P = J -1 . 
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Table 1 . Signs of the spectral triple 



n mod 8 


1 2 3 4 5 6 7 


J' 2 = ±Id (ej) 
JD = ±DJ (e D ) 
JT = ±TJ (e r ) 


+ + -- -- + + 
+ - + + + - + + 
+ - + 



Axiom 4 (Dimension). The eigenvalues [ik o/|_D| , arranged in decreasing order, 
grow asymptotically as 

l x k =0{k~ n ), 
for an integer n (called the dimension). 

Axiom 5 (First order condition). For all a,b £ A the following commutation 
relations hold: 

(1) [a,J6V f ]=0. 

(2) [[D,a], Jb*,P] =0. 

We will write b° — Jb* ,P . The above formulas establish that the opposite algebra: 

A° = {a° = ,Pa*J\a £ A}, 

lies within the commutator of A. 

Recall that a Hochschild fc-chain is defined as an element c of Ck (M, A) = 
M (£> A® k , with M a bimodule over A. A boundary map b : Ck —> Ck-i is defined 
as 

b= £ (-l)X, 

i=0,k 

do (m ® ai ® • • • ® ajfe) = mai ® a2 ■ • • ® a^, 

di(m ® ai ® • • • ® a fe ) = m ® a x ® • • • ® ajOj+i ® • • • ® a*,, 

dfc(m ® ai ® • • • ® afe) = a^m ® ai ® • • • ® a^-i. 

Since 6 2 = 0, this makes Ck{M,A) into a chain complex. 

Axiom [5] gives a representation of Hochschild fc-chains Ck(A,A® A") on % by 

(3) TT D ((a<E)b°) <g> ai <g> • • • ® a k ) = a&°[£>, ai] . . . [D,a k ]. 

Axiom 6 (Orientability). There is a Hochschild cycle c £ Z n (A, A<8) A°) such that 
7T£>(c) = r when n is even, and 7Td(c) = Id when n is odd. 

Axiom 7 (Regularity). For all a £ A, both a and [D,a] belong to the domain of 
smoothness HfcLi Dom (<5 fe ) , where the derivation 5 is given by S(T) — [\D\,T], with 
\D\ = VD*D. 

Axiom 8 (Finiteness). The space of smooth vectors Ti°° — DfeLi Dom (D k ) is a 
finitely generated projective left A module. Also, there is a Hermitian pairing 
on this module, given by 

(v,0=-f(rM)\D\~ n , 
where -f is the noncommutative integral (defined for example in 37 Chapter 5]). 

Axiom 9 (Poincare duality). The Fredholm index of the operator D yields a non- 
degenerate intersection form on the K -theory ring of the algebra A <g> A°. 
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Finally, we restrict our attention to irreducible spectral triples, that is, the only 
operators commuting with the action of the algebra and D are the scalars. In the 
case A is commutative, this is equivalent to demanding the manifold is connected, 
see [9j Remark 6 on p. 163]. 



2.1. Equivariant spectral triples. There are different candidates for the notion 
of symmetries of noncommutative geometries. One obvious candidate is the group 
of automorphisms of the algebra A, but for noncommutative algebras, this group 
can be very small, while it seems that there should be more symmetries available. 
An attempt to enlarge this group of symmetries in an interesting way is the notion 



of equivariant spectral triples. Equivariant spectral triples were introduced in 34 
One describes symmetries of spectral triples in the form of Hopf algebras. In this 
paper we are interested in n-dimensional spectral triples, which are equivariant with 
respect to a Hopf algebra with n different commuting derivations. This, together 
with the irreducibility condition, is the analog of a connected compact homogeneous 
space in commutative geometry. 

In the context of Hopf algebras, we shall use Sweedler's notation for the coprod- 



uct: Ah = /i(i) <X> h(2). See for example 24 Chapter 3] for an introduction to Hopf 



algebras, and some standard notation. An equivariant real spectral triple is a real 
spectral triple (A, H, D, J) together with a Hopf algebra H , with multiplication p, 
unit ?7, comultiplication A, counit e and antipode S, and an antilinear involution * 
making H into a *-algebra such that 

Ah* = {Ah)*®* e(h*)=7(K) (So*) 2 =Id. 

Recall that an ii-module algebra is an algebra A with a complex linear repre- 
sentation p of H on A such that A is a linear space, and p respects the algebra 
structure: 

p{h){aia 2 ) = (p(/i(i))ai) (p(/i (2 ))a 2 ) , 

for all h € H, a\, a 2 G A. When A is an ii"-module algebra we define an equivariant 
(left, right) A-module to be a (left, right) A-module M such that 

p M {h)(am) = (p A (h {1) )a) {pM{h (2) )m) , 

for all h G H, a e A, m £ M. The objects of the equivariant real spectral triple 
transform in a compatible way under the action of the Hopf algebra: 

• The algebra A is an iJ-module algebra. 

• There is a dense subspace V C H such that V is an equivariant left A- 
module. 

• For every h €E H, the Dirac operator is equivariant, [D, h] = on the 
(dense) intersection of the domain of D and V. 

• The action of H op is well defined on the opposite algebra A° via the equality 
J- 1 hJ=(Sh)*. 

• If the spectral triple is even, [r, h] = 0. 

In the case of equivariance with respect to a torus action, we take the universal 
enveloping algebra U(t n ) of the familiar Lie algebra t" of the n-torus. This means 
that we have a basis of derivations Si, with a representation p on % such that for 
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(4a) 5,6 j = SjSi, 

(4b) A(Si) = Si ® Id + Id®5i, 

(4c) p(5j)7r(a)v = (^(^a) + 7r(o)) v, 

(4d) - I>p(«i)«, 

(4e) p{8i)Jv = -Jp(Si)*v. 



3. Outline of the classification 

The outline of the proof of Theorem [A] is as follows. First in section [4] we 
determine the action of the algebra on the Hilbert space, such that the equivariance 
condition is met. This action is already well-known, but we derive it to show 
that there are no other possibilities. In section [5] we move to real spectral triples, 
and determine possible forms of the reality operator J, by considering the anti- 



isomorphism A(Tg) H> A(Tg)° and the equivariance condition (4e|. We find several 
possible families of real spectral triples, only one of which consists of isospectral 
deformations of spin structures on the commutative torus. In the next section, 
section [6j we determine the classes of possible Dirac operators for each candidate 
family of real spectral triples using equivariance of the Dirac operator and the first- 
order condition, and show that only the isospectral deformation family is compatible 
with the compact resolvent condition. 

In section [7] we determine that the parameters r in the Dirac operators must be 
linearly independent vectors spanning R n , using the Hochschild homology condi- 
tion and earlier results on the Hochschild homology on noncommutative tori. The 
last step in the classification is done in section [HJ where we use the spin manifold 
reconstruction theorem to show that the Dirac operator is really a Dirac operator 
in the sense of spin geometry. 

After the classification, we give in section [9] an explicit description of the con- 
structed real spectral triples on the noncommutative torus. 

Finally, in section [10| we study unitary equivalences of the real spectral triples, 
and show that unitary equivalences induced by inner automorphisms of the algebra 
do not change the spin structure for almost all 8. When n = 2 we show that the 
known outer automorphisms do change the spin structure, if the real spectral triple 
is an isospectral deformation of a nontrivial spin structure. When n > 2, we show 
that the flip automorphism cannot change the spin structure. 



4. Hilbert space and algebra 

We look for possible equivariant representations of the algebra of functions of the 
smooth noncommutative torus, and give a basis of the Hilbert space % for which 
equivariance is obvious. We do not use any special conditions from the definition 
of a real spectral triple, except that the Hilbert space should be separable. 

We denote the noncommutative torus, or more precisely, the algebra of con- 
tinuous functions on the noncommutative n-torus, by A(Tg), where 8 is an anti- 
symmetric real n x n matrix. As Hopf algebra symmetry for which the algebra 
representation must be equivariant we take the Hopf algebra generated by n inde- 
pendent commuting elements Si, . . . , 5 n . 
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The algebra of smooth or continuous functions on the noncommutative torus is 
generated by unitary elements U ei , . . . , U en such that 

U ek U ei = exp(27Tl6'fe;) U ei U ekl 

with 8ki the component of the matrix at position (k, I). As a short-hand notation, 
we will write 

e(-) = exp(27n-). 



The Hopf algebra action of our basis elements on the unitary generators is 34 



SiU ej = U £j if i = j, and otherwise. If we interpret the ej as the j-th basis vector 
of Z n , we can write more generally unitary elements of the algebra as: 




u * = e o 2^xjej k x k (u ei ) xi (u £2 ) X2 ■ ■ ■ (u en y 



for x = x j e j- The Frechet algebra of smooth functions on the noncommutative 
torus is a dense subalgebra of this algebra. 

Just as for the algebra, we will write i5 x for the derivation given by 

<5 X = S Xl 8 X2 ■■■S Xn . 

From the definitions, it is immediate that 

(5) SJJ V = (x • y) U y , 

where (x • y) is the standard inner product on Z™. 

Now we look for a Hilbert space Ho which is an equivariant left Ag-module. As 
a basis of Ho we choose mutual eigenvectors e M of the derivations: 

where the /i form a countable subset of K". 

In order for the spectral triple to be a noncommutative torus, we demand that 
the action of the algebra is equivariant with respect to a torus action, as in equa- 
tion (4c |. Written out for the unitary generators U 7Ll we see: 

7r (t/" x )e M = u XlM e M+x , 

with it X)A t G C to be determined. Thus for the minimal irreducible equivariant 
representation the fi will lie in a translate of a lattice: 



(6) H = H 



where each Hfj, + m = C. There are no restrictions yet on fi 0l these will be deter- 
mined later. 

Since the U x should be unitary, we have that 

{Cjy , li X ,^6^^x) — Jt^Cjy — X , 6|x) 

Finally the definition of U x in terms of Ui gives the relations 
(8) "x+y./i = e(^x • 6y)u^ +y u y ^. 
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Lemma 1. Up to unitary transformations ofH any unitary equivariant represen- 
tation of A(T'g) on % is given by 



(9) 7r^(^x)e M = e Qx- Ax + x- A/x 

with A any n x n matrix such that A — A* = 8. 

Since the representations tt^-, given by different matrices A such that A — A f = 8 
are equivalent, we drop the A from the notation, and just write ttq for a represen- 
tation defined by equation 

Proof. It is clear that for any matrix A the representation given above satisfies the 
relations ( |7|) a nd ^ . Given two representations tt and tt' satisfying the equivariance 



condition (4c) we can write any element w £ H as a unique sum X) x ez™ A x 7r([/ x )eo 
with (A) x6Z „ £ £ 2 (Z n ). In other words, eo is a cyclic vector with respect to the 
algebra action. Now construct an operator T : % — > % by setting Teo = eo and 
extending by 

Tw = T ^2 A x 7r(E/x)eo = ^ A x 7r'(f7 x )e . 
x eZ" x gZ" 
This is well defined if 7r and tt' are representations of the same algebra A(Tg), 
since they satisfy the same algebra relation ([8]), and it is an invertible map on H, 
because both 7r(J7 x )eo and 7r'(J7 x )eo span the Hilbert space if we take all x £ Z n . 
By construction T~ 1 tt' (U x )T = 7r([/ x ), and it is a unitary transformation, because 
we can calculate: 

(Tv,Tw) = ^ A x %<7r'(L/ x )eo,7r'({7y)e ) 

X ,y6Z" 

= ^2 ^xMy( 7r '(t / x)e ,7r'(C/ y ) eo ) 

x-y=0 

= ^2 ^x/i-x 

xSZ'» 

= (v,w), 

since (e x , e y ) = if x ^ y, and the representations tt and tt' are unitary. □ 
There might be more unitary equivalences of the algebra, a question which we 



explore in section 10 but for now we were only interested in possible representations 
of the algebra. 

5. Reality operator 

In this section, we derive conditions on the equivariant reality operator J, to give 
us a real spectral triple. We will only consider conditions following from relations 



between A, % and J and the equivariance condition (4e|. No use is made of the 
Dirac operator in this section. 



The equivariance condition for J is given in (4e 



(10) p{l)Jv = -Jp(l*)v, 

for v £ H, and I an element of the Hopf algebra of the symmetries of the non- 
commutative n-torus. For our basic derivations fij, we have 5* = <5j, so this just 
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means 

(11) <5iJe M = -fiiJe^, 

for all i. Since we are working with the representation given in ([6]), we see that J 
must map an element e M of the basis to e_ M . 



The Tomita involution Jo (a) = a* 35 gives a commuting representation, but it 



does not follow the commutation relations in Table [TJ so we will have to enlarge 
our Hilbert space. Define 

(12) ^:=0^i, 

with each Hj as in Q and I an index set. Every nondegenerate representation of an 
involutive Banach algebra is a direct sum of cyclic representations [36l Proposition 



1.9.17], and because of the equivariance condition (4c), we get that the only cyclic 
representations we can consider are the ones given by Lemma [l] We write basis 
vectors of this Hilbert space as e^j with /j£Z" and j E I. 

For different j £ I, lattices spanned by /Lt could a priori be shifted by a different 
amount, satisfying (11), but we will see in section [6] that this cannot be the case if 



the spectral triple is irreducible. 

We look for an antilinear operator J such that J 2 = ejld, with signs as in 
Table [lj and so that for every a G A(Tg), Ja*J~ x commutes with all b G A(Tg), 
satisfying equation (JlJ. The image of A(Tg) under the isomorphism a H> Ja* J~ x 
is denoted by A(Tg)°. We write U° for the image of U x . 

Firstly, equation ( |To| has as a consequence that J acts as follows on elements of 
the basis e M J : 

(13) Je^j = y^q fc3 (/x)e_ Mifc - 

We can thus write Je^j = A(— fj,) Joe^j, with A(— fj,) some unitary or skew unitary 
bounded linear functional, and Jo an antilinear diagonal operator: 

Joae^j = a*e_ M)J -. 

If we apply J twice, we should get ejld, which can be written as 

J • Je MJ = JA(-/Li)e_ M j = AQu)A*(-/u)e_ MJ -, 

and so we see that 

(14) A(/x)A(-/i)* = ejld. 

By applying J on a unitary generator [/ x of Ae we get the following condition 
on A(/i): 

Lemma 2. The map a i— > Ja* ,P is an isomorphism into the commutant, if and 
only if for all x,y G Z": 

(15a) A(x + y) = e(x • Ay + y • Ax)A(x)A(0) f A(y), 

where Je^j = A(— /x) Joe^j, with Jo the Tomita involution, and 

(15b) A(x)A(x) f = Id, 

(15c) A(x)A(-x)* = ejld. 
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As a consequence 
(16) 



C/°e^j = e(n • Ax + -x • Ax)A'(x)A(0) t e M+XJ -, 



where A(/x) = e((j, • Afi)A'(p), and A'(/x)^ = Cije(<p i j(fi)) with c^j € C and 0y 
R" -> K sucft tftai J]j g / c ij e (.<Pij(.-f J -)) c *jk e (-4>ij{v)) = tjhh- 



Proof. First we calculate U° = JU*J"< using equation (jl3[) : 

= JU*J%j 

= JU*A{tfe-^ 

= Je fx- A/x + ^x • Ax^j A(/i)*e_ M _ X) j 

= A(/x + x)e f-x- A/Li - -x- Axj A(/x) f e p+XJ -. 



We compute the commutator [U y , U°]: 



u y u Z e n,j = e (y ■ A(/x + x + iyj - x ■ A(/i + ^x)J A(/i + x)A t (/x)e M+x+yj 
UZUye^j = e ^-x • A(/x + y + ^x) + y • A(/x + ^y)^ A(/x + x + y)A t (/x + y)e M+x+y , 

If the commutator vanishes, we see that by canceling common terms we must have: 

e (y ■ Ax) A(> + x) A f (p) = e (-x • Ay) A(fi + x + y)A t (j* + y). 

This has as a consequence that A(x)^ ■ consists of e{fij(x)) with fij(x) a function 
of the form x • B^-x + (f)^ (x) + Vij . We see that the quadratic part must be the same 
for each component, and that = A. The constant part i/y can be absorbed 
into by unitary transformation. We can thus write 



(17) 



A(x) = e(x- Ax)A'(x), 



where A'(x) consists of functions cye(0y(x)) such that A'(x) = ejA'(— x) and 
A'(x)A'(x) f = Id. If we then calculate U°: 

t7°e M = A(/it + x)e ( -x ■ Afi - ~x ■ Ax) A(/ii) t e M+X)j 



e f (/i + x) • A(n + x) - x • A/x - ^x • Ax - fi ■ Afi^j A'(/i + x)A'(fi)\ 
/x ■ Ax + -x • Ax) A'(/i + x)A'(/x) t e M+XJ - 



e hi • Ax + i x • Axj A'(x)A'(0) f e M+> 



By definition (17) of A', we have A'(0) = A(0), so this is exactly equation (16). □ 
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6. DlRAC OPERATOR 

The remaining piece of the real spectral triple is the Dirac operator. In this 



section, using the results from the previous section, the equivariance condition (4d|, 
and Axioms [l] and [5] we derive conditions for the Dirac operator D. We see that 
for different forms of A as given in Lemma |J only the form A'(x) 2 = Id can lead 
to isospectral deformations of spin structures on the commutative n-torus. By 
applying the compact resolvent condition of Axiom [T] we show that this is the only 
possibility compatible with the definition of noncommutative geometry. 

An equivariant Dirac operator D commutes with the basic derivations Si as 



described in (4d): 



Since D should be self-adjoint, we have that d^ j — (d^ . We will write 
(18) De^=D{n)e^. 

This means that D(fi) is the operator D restricted to the eigenspace of derivations 



with eigenvalue /x. This is well defined due to the equivariance condition (4d). 

Given an element fi in a shifted lattice Z n , we define the Hilbert space "H M as 
the span of eigenvectors Vj of the basic derivations Si such that SiVj — fJ-^Vj for each 
i. As a consequence of the equivariance of the Dirac operator and the irreducibility 
condition, all the fi must lie in the same lattice, by the following argument. 

Between two Hilbert spaces and T-L v we have an isometry if fi — v € Z n , 
given by the unitary element C/ M _^ ofthe algebra. Now consider the projector P^ 
that is Id on T-L u for which fi — v e Z", and otherwise. This projection clearly 



commutes with the algebra, and, because of (18), also with the Dirac operator. If 
the spectral triple is irreducible, only scalars may commute with both the algebra 
and the Dirac operator, so P M is the identity on the whole Hilbert space H, hence 



all lattices are shifted by the same vector e. Because of (11 1, we can then conclude 
that e consists of elements which are either or 



2 • 



From the first order condition in equation ([2]), we deduce: 

Lemma 3. An equivariant Dirac operator D that satisfies the first order condition 
must be of the form: 

(19) D(x + y)= (A'(x)A(0) t ) 2 (^(y)-^(0))+ J D(x). 

Proof. To check the the first order condition, it is sufficient to check it only for the 
unitary generators of A$: 

[[£>, U x ], U°] = DU^U° - U X DU° - U°DU X + U°U X D = 0, 

for all x, y e Z™. Using Lemma [2j we write out the first order condition: 

DU x U°e^ - a(x, y, M )£>(x + y + /x)A'(y)A'(0) t e M+x+yj 

U x DU°e^ = a(x, y, /i)D(y + /x)A'(y)A'(0) t e /x+x+yj 



U^DU^.j - a(x, y, /x)A'(y)A'(0) T J D(x + fJ,)e^ +x+y 
UpxPepj = a(x,y,/x)A'(y)A'(0) t J D(/x) e , t+x+yj , 
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where a(x, y,fx) is the common factor 

o(x, y,M) = e^x-Afj + /x-Ay + x-Ay+^(x-Ax + y- Ay) 

This gives the relation 

(£>(x + y + M ) ~ £>(y + M)) A'(y)A'(0) f = A'(y)A'(0) f (£>(x + /*) - £>( M )) ■ 
Since D is self- adjoint and A'(x) unitary, we can rewrite this as 

(£>(x + y + /i) - £>(y + M )) = (A'(y)A'(0) f ) * (£>(x + /x) - £»(/*)) . 



□ 



For y = x and fi — 0, the solution to the defining equation ( 19 1 is 
(20) D(x)=J2 fa ■ x) Aj + (A'(x)A(0) f ) + C, 

where the Aj, _B and C are bounded operators such that Ce^j = X]fcC?fce Mj fc and 
similarly for B and Aj, and ker Q^. r» • xAj) contains at least the x € Z" such that 

^A'(x)A(0)^ 7^ Id. This is the unique solution, since we see from equation (19) 

that D is fully determined after we choose suitable -D(ej) for 1 < i < n. 
t 2 

If (A'(x)A(O) 1 ) = Id, this gives a linear Dirac operator, familiar from commu- 
tative geometry. However, at first glance it seems that there might be other spin 
structures, not corresponding to commutative spin geometries. These other candi- 

t 2 

date geometries, where (A'(x)A(O) ) =^ Id, will however drop out because they are 
incompatible with the compact resolvent condition on D. 

Lemma 4. Only z/(A'(x)A(0) f ) = Id can the equivariant Dirac operator D have 
a compact resolvent. Hence D is of the form: 

(21) 



As a corollary, we have that J is of the form: 

(22) Je^j = e (fi ■ Aft) Ae_ M d , 

with A a constant isometry such that A 2 = ejld. 

Proof. By [29l Theorem XIII. 64], we see that an unbounded self-adjoint operator 
D bounded away from has a compact resolvent if and only if the set 

F b = € Damp) : ||V|| < 1; H^ll < &}, 

t 2 

is compact for all b G K. However, if (A'(x)A(O) ) 7^ Id for some direction x, we 
know that x £ kerQ^Tj ■ xAj) and then it follows from (20) that the norm of 
De Ax is bounded by B + C for all A € Z. When we take b > \\B + C\\, Fb contains 
at least e\ x for all A £ Z ^ 0, so Fb cannot be compact. □ 
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7. Grading and Hochschild homology 

In this section we investigate what extra conditions on the the spectral triple 
of the noncommutative torus come from the grading operator and Hochschild con- 
ditions, Axioms [2] and [6] We find that the parameters t 1 introduced in section [6] 
must be linearly independent vectors spanning R™. 

We start by investigating the Hochschild cycle condition, which states that there 
is a Hochschild cocycle c £ Z n (A, A <g> A°) whose representative on H is V when n 
is even, or Id if n is odd. The T operator is an isometry, with eigenvalues 1 and —1, 
and so by Axiom [2] and the diagonal action of the algebra on the Hilbert space, we 
see that 

'r+ 
o r- 

where r + and T~ are unitary self-adjoint operators which have only eigenvalues 
+1 and —1 respectively. Using a unitary transformation, we can assume these 
operators to be diagonal, thus 



r = 



Id+ o 
-Id_ 



where Id+ and Id_ are the identity operators on the positive and negative eigenspaces 

of r. 

An obvious candidate for the Hochschild cycle in Z n (A,A®A°) is the straight- 
forward generalization of the unique such cycle for the noncommutative 2-torus 



28} Page 324], which is 

c 2 = ^(1,0)^*0,1) ® ^(0,1) ® ^(1,0) - ^(0,1)^*1,0) ® ^(1,0) ® ^(0,1)- 

A candidate generator of the n-th Hochschild homology of the noncommutative 
n-torus is given by 



(23) c n = £ signW II^C) 




o-GS„ \ \i=l 

with a an orthonormal basis of Z n . It is known [22j Lemma 12.15] that this a 
Hochschild cycle. Due to [38j Theorem 1.1], the n-th Hochschild homology of the 
n-torus is 1-dimensional. Together with Lemmas [5] and [6] below, this means ( 23 ) 
generates the n-th Hochschild homology. 

Lemma 5. For the noncommutative n-torus, only nontrivial cycles can be mapped 
to F when n is even, and to Id when n is odd, by the map 7Td. 

Proof. Since the Hochschild cycle consists of polynomial expressions, it is enough 
to prove the result for individual homogeneous polynomials, since any cycle can be 
written as the sum of homogeneous polynomials. Define 

c' = J7 x o (g) U° (g) U x i ® • • • (g) C/ x ~ € Z n+1 (A, A (g) A"), 

with x*,y € Z™. As in |37j Chapter 3.5], we see that 

(24) ttd (be 1 ) = (-l) n ln°(U y )ir(U x a) [D, it (U x i )]...[£), 7r (C/ X n )] , vr (£7 X „ +1 )] . 

Since [D, U x ] — C X U X with C x some operator depending on x, 7Td(&c') is propor- 
tional to 

CxS...,x»7T (f/ x o) n° (Uy) 7T (LT xl ) . . .7T (U x n) TT (U^+l) . 
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When n is even, T maps e^j to ±e MJ , the total sum y + £"+0 x l must be 0. If 
A(Tg) and A(Tg)° have a trivial intersection, U° must have total degree 0. The 

total J27=q xl ^ s 0, and since U x and C/_ x commute, the commutator (24) vanishes. 
When n is odd, the argument goes the same. 

If A(Tg) and A(Tg)° have nontrivial intersection, there are y for which U x U y = 
U y U x for all x € Z n . In that case, by the same arguments as for the trivial 
intersection case above, the U y must lie entirely within the intersection of A(Tg) 
and A(Tg)°, and since x' i+1 = — y — J^i^o* 1 ' tne commutator (24) vanishes: 

[U°U x f-U x n,U x n+l] = 

U°(l-e(x n+1 -6(-y-x n+1 )))=0. 
Since x ,l+1 ■ 6x n+1 = and U y commutes with {/ x n+i. □ 

Lemma 6. The Dirac operator given in Lemma^satisfies the Hochschild condition 
only if the vectors T l are linearly independent. The Dirac operator is 

(25) D = (t* ■ 5) A, + C, 

i 

where the are bounded operators such that 

(26) si S n ( ff ) II A "d) = detCrV 2 . . . r n )T, 

when n is even, and det(x 1 r 2 . . . T n )Id when n is odd. 



Proof. In order to deduce the representative of the Hochschild cycle (23) on the 
Hilbert space T-L , we calculate 



(27) 



[D, U^e^j = De(x ■ A/x + ^x ■ Ax)e p+XJ - - U x f r k ■ /xA fe e MJ - 

V k , 

= e(x ■ Afi + ^x ■ Ax) ^2 T k ■ x^fc^+xjj . 



We suppress the e(x • Afi + |x • Ax) factors, since these are canceled from the left 
by the U*. factors, and expand (23): 



n D (c) = nc D [ J2 sign(a) II U <^w <S> 

\creS n V \i=l ) 1=1 

<tGS„ \ \i=l / J=l 

= E (sign^EII^ ■ e °H) A k J ■ 

<JGS„ V fc i=l / 
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This expression should be some constant times T or Id, depending on the dimension. 



Due to 10 Proposition 4.2], we can write this as 

TT D (c) = det("TlT 2 . . . T„) ^ si S n ( Cr ) H^(i): 

where we view (t\T2 ■ ■ ■ T n ) annxn matrix with t, as the columns, from which 
it is immediately clear that the vectors must be linearly independent. □ 

8. Dimension, finiteness and regularity 

Here we establish, using the conditions of dimension, regularity and finiteness 
(Axioms |2J [7] and [8]), that the real spectral triple must be an isospectral deformation 
of a spin structure on a noncommutative torus. The result follows from Connes' spin 
manifold theorem. In the course of proving this, we find a proof for an elementary 
fact about Hermitian matrices generating a Clifford algebra, for which we do not 
know an elementary proof. 

Lemma 7. If the Ti span M ra ; for arbitrary ai G R and all e > 0, there is a t G K 
and a set of flj G Z n , with Z™ a shifted lattice as in section^ such that 



E 



tai - Ti • 2J A* 



3 

3 



< e. 



Proof. Every vector p G Z™ can be written as a sum of at most 2 vectors G Z™. 



By Dirichlet's theorem of simultaneous Diophantine approximation 33 Theorem 
II. IB], for all N > 1 and (a^) G R" we can find integers q,pi, . ■ .p n with q < N, 
such that 

M-pilKN- 1 '", 

for 1 < i < n, and aj G M. 

Since the r, span there is a transformation R G GL(M.,n) depending only 
on the Ti such that (Rp) i = T% ■ p. Set a\ — (R _1 a) i . Call the eigenvalue of R 
with the maximal absolute value r max , then clearly we have 

\qa t - Ti ■ ^/i,.] = |<?(Ra')i - (Rp)i| < |w||^ - Pi \ < IwliV- 1 /". 

3 

Choosing N such that nlrmaxl-ZV^ 1 /' 1 < e, we get the asked result. □ 



Lemma 8. In order for D to be satisfy the compact resolvent condition of Axiom^ 
and the dimension condition of Axiom^ 

^ %iA{ , 
i 

needs to be invertible for all 1^1 except when all Xi vanish. In particular, all Ai 
should be invertible operators. 

Proof. If XiAi is not invertible at a point where X4 = Ti - fi for all i, then clearly 
this is also the case for fj,' = Xfi with A G Z. Thus the kernel cannot be finite 
dimensional in this case. 

If XiAi is not invertible for some non-trivial Xi, but x$ ^ T t ■ fx for all fi G Z n 
we have the following. 
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Since the t; span R n by Lemma [6j by Lemma [7] we have for every e > a set 
of vectors fij £ Z" such that J^i I T « ' Mj — x i\ < e - Take an element y in the 
kernel of XiAi. Then j Ti ■ HjAi) • y|| < e||y||- Hence there is at least one 
eigenvalue of J2i j T i ' Mj^i smaller or equal to e. But this means that the spectrum 
of |.D| _1 is unbounded, hence D~ x cannot be compact. □ 

We have so far assumed nothing about the size of the Hilbert space H compared 
to the basic irreducible representation of the algebra, Ho as defined in equation 
By construction, H is a left A(T# )-module. According to Axiom [8j a certain sub- 
module H°° oiH should be a finitely generated projective left A(Tg )-module. This 
has the following consequence: 

Lemma 9. The spectral triple (A,H,D) only satisfies the finiteness condition of 
Axiom^ if the Hilbert space H is a finite direct sum of copies of Ho. If we assume 
the algebra A to be closed under the collection of seminorms ||<5 fe (-)ll defined in 
Axiom^ it is given by 



(28) 

where <S(Z") is the set of Schwartz functions over IT 1 : 

S{Z n ) = la : Z n -> C | sup (1 + ||x|| 2 )V( x )| 2 < oo for all k £ N 



Proof. By the arguments in [7j Lemma III. 6. a. 2], we know that the intersection 
of the domain of the 5 k is stable under the holomorphic functional calculus. The 
collection of seminorms ||<5 fc (-)ll is equivalent to the collection of seminorms qk = 
sup x6 2„ (1 + |x| 2 ) |a(x)| because of the following argument. 

We can write ||<5 fe (a)|| 2 = X)i Sxez™ ll^-i|| 2 ll T i ' x l| 2 l 01 ^)] 2 - Because of Lem- 
mas [^jand^ we know that J^i 1 1 1 1 ll T i' x ll can be bounded between ci.fe||x|| 
and C2 j fc|| x l| 2fc for constants Cik,C2k > 0- Thus the family of seminorms ||5 fe (a)|| 
is equivalent to the family of seminorms q' k (a) = X) x <ez™ ll x l| 2fc | a ( x )| 2 - Now if an ele- 
ment a of the C* -algebra A has a finite norm in all q' k , then clearly sup x6Z „ (1 + ||x|| 2 ) fe |a(x)| 2 < 
oo for all k £ N. Conversely, if a £ A(Tg), we can write 

q' k (a)= H x H 2fc K x )| 2 

xEZ" 



(l + ||x|| 2 ) P (l + ||x|| 2 )- p |l x l| 2i K x )| 2 

xGZ 



2 P 2 

and this last sum converges if p is big enough, since ( 1 + | |x| | ) | a(x) | is by assump- 
tion less than some finite constant c p and 2 x ez n c pll x l| 2 0- ll x ll) P converges 
when p > n/2 + k. 

By Axiom [8j we have that H°° is a finitely generated projective left A(Tg) 
module. We already knew that H must be a direct sum of copies of Ho due to 



the discussion following (12). The finiteness condition then ensures that the sum 
must be finite. All conditions stated in Axioms [7] and [8] are then easily seen to be 
fulfilled. □ 
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Remark 1 . The choice of smooth structure is not unique even in the commutative 
case, given just the algebra C*-algebra A of the noncommutative torus. See for 



example 23 . However, given the equivariance condition of the Dirac operator, and 
the assumption that the smooth algebra consists of all elements such that ||5' c (-)|| < 
oo for all k £ N, the algebra is uniquely determined by the above argument. 

The number of generators of T-L in terms of Ho is still undetermined, but a 
lower bound is given by |2j Theorem 1]. This theorem states that for complex 
Hermitian k x k matrices, with k = (2a + l)2 b , there exists at most 2b + 1 matrices 
satisfying the non- invert ibility property of Lemma [8] So in order to have at least 
n such matrices, k should be at least 2 L^/ 2 J _ Hermitian matrices generating an 
irreducible representation of a Clifford algebra C7 nj o are an example of a set of 
matrices attaining this lower bound. 

Remark 2. It does not follow from Lemma [8] that the algebra generated by the 
matrices Ai is a Clifford algebra. What remains to be shown is that XiAi) 2 lies 
in the center of the bounded operators on H for all x £ R n . Only the condition of 
Lemma [8] is not enough to show this. 

Consider a set of self-adjoint matrices {Bi} generating a Clifford algebra. These 
satisfy the invertibility condition of Lemma [8j and the Hochschild condition ( 26 1 



Since they are self-adjoint, we can diagonalize B\ as B\ — UAU> with A a diagonal 
matrix with real elements. If we rescalc the elements of A each by a different nonzero 
amount to A', the set {t/A'f/^}U{i?i} i>2 still has the invertibility property, but not 
necessarily the Hochschild property, as a calculation for any case n > 4 will show. 
If n = 2,3, the invertibility property does imply the Hochschild property however. 



However, a weaker form of Connes' reconstruction theorem 10 Theorem 11.5], 
implies the following result: 

Lemma 10. In order for the candidate structure (^4(Tg),H, D, J) to satisfy both 
the Hochschild condition of Axiom^and the dimension condition of Axiom^ the 
matrices Ai of Lemma [7] must generate a Clifford algebra. 

Proof. If we look at our conditions on A(Tg), H, D and J, we see that none of them 
depend on the antisymmetric matrix 8. Also, the action of the Dirac operator on 
the Hilbert space is independent of 8. This means that we can just set 8 — 0, where 
we have the real spectral triple (Aq,H, D, J) of smooth functions on the n-torus. 



Due to the results of Connes' spin manifold theorem (see for example 22 Lemma 



11.6], jTOj Remark 5.12]), this implies that the Ai generate a Clifford algebra. □ 

Because the size of the maximal set of matrices which satisfy the invertibility 
condition of Lemma [8] is odd, due to |2j Theorem 1] , we have as a corollary: 

Corollary [TJ A set of2 b x 2 b Hermitian matrices {Ai}™ =1 , where n = 26+1, such 
that the equation 



det ^2 x i A i^j = °< 



only has the zero solution (xi — 0)" =1 in K™ generate a Clifford algebra if and only 
*f ' 

n 

^2 sign(a) JJ A a ^ = XId k , 



18 



JAN JITSE VENSELAAR 



for some nonzero A £ K. 

If we assume the spectral triple to be irreducible, we need that the matrices 
generate an irreducible representation of the Clifford algebra. This restricts the 
size of the matrices to be exactly 2 L"/ 2 J . 

From the results in sections [4j [5] and [6] it now follows that the remaining condi- 
tions, the Poincare duality of Axiom [9] and the Hermitian pairing of Axiom [H] are 
also satisfied, since they are satisfied by isospectral deformations. 

This completes the proof of Theorem [AJ 

Theorem[A} All irreducible real spectral triples with an equivariant n-torus actions 
are isospectral deformations of spin structures on an n-torus. 

9. Description of the real spectral triples 

Finally, we show that given a Dirac operator D that satisfies all conditions so 
far, the reality operator J is uniquely determined, and list all the ingredients that 
constitute all real spectral triples of the noncommutative n-torus. Also, we show 
in some low dimensional cases what freedom there still exist in the definition of the 
Dirac operator. 

Recall that the Clifford algebra Cl n fi is the algebra over R generated by E™, 1 
and a positive definite quadratic form q, subject to the relation v-v = —q(v)ld. The 
Clifford group is defined as the group generated by the image of an orthonormal 
basis of K n together with — 1. 

Lemma 11. If D is given by Y]j (t' j ■ <5) Aj with Aj representatives of the Clifford 
group of Cl n fi there is a unique J operator for each n, up to multiplication with a 
complex number of norm 1 . 

Proof. If d = 1, 2, 3 or 4 this can be done for example by calculations, see Remark [3] 
below. We proceed by induction. First we prove existence. Recall that there are 



isomorphisms Cl n +2,o — C7o,n ® C^2,o and C/o, n +2 — Cl n ,o ® C^o,2 26 Theorem 
1.4.1]. Let d > 4, and assume it has been proven for n — 4. The operator J n = 
Jn-4 ® Ji, acting on C7 nj o — C7„_4.o ® C^4,o has precisely the right commutation 
relations, except for n=l mod 4, as can easily be calculated by looking at Table[l] 
and taking into account the periodicity mod 4 of the table, except for the first row, 
where we use Jf = — 1. In case n = 1 mod 4, we can achieve the same by setting 

Jn = Jn-4 <8 T4 J4. 

Now we prove the uniqueness. Write 7^ for the representation of the i-th basis 
vector of R™ in Cl n _Q. An explicit isomorphism Cl n fi = C'/ n _4 i o <8> CI^q can be 
chosen, for example 

7* = Id„_ 4 ® 74 fOT 1 < 4, In = lt-4 ® lllllhi f or t > 4. 
The operators 7^7^ and 7^7„ commute with 7^ for i > 4 and anticommute with 
7«>7n anc ^ In' In respectively. They square to —1, so the operator 

P + :=~(l + «) + 

is a projection, which commutes with 7^ for i > 4. The projection P + does not com- 
mute with J„, but does commute with 7273 Jn- Also, the projection P + projects 
onto a subspace of dimension 1/4 times the dimension of the irreducible repre- 
sentation of Cl n o, and the operator 7273^ has the same commutation relations 
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with 7* for i > 4 as J„, and since (7273 = — J% it has the right signs for an 
(n — 4)-dimensional J operator. This means that P + projects onto a Hilbert space 
belonging to an (n— 4)-dimensional spectral triple, where we have a unique J opera- 
tor by the induction hypothesis. On the complement of the P + eigenspace, we have 
the unique J4 operator with the right commutation relations with 7,, i < 4. □ 

Stated more elaborately, we have the following result: 

Theorem C. The following give all 2™ irreducible real spectral triples on the smooth 
noncoramutative n-torus A(Tg): 

• A Hilbert space H constructed as follows: 

(29a) H = 0tf W = C, 

with e = (ei, . . . , e„) G M n , and € {0, |}. 

• ^4n involutive algebra A with unitary generators U x with x £ Z™ 

(29b) A(T%) :={A = J2 «WP X : a e 5(Z n )}, 

X 

loif/i [7 X acting on a basis vector e„ j € fry 
(29c) C/ x e M ,i = e Qx • Ax + x • Afi^j e M+x , i; 

/or any matrix A swc/i i/iai A — A* = 0. 

• ^4n unbounded, densely defined, self-adjoint first order operator D 

n 

(29d) D = J2( T ° : -S)Aj+C, 

3=1 

acting on % with C a bounded self-adjoint operator commuting with the 
algebra satisfying JCJ~ X = cpC, and TC — — CT if n is even, for t 3 n 
linearly independent vectors in W 1 , n matrices Aj of size 2 L"-/ 2 J x 2 L rl / 2 J 
generating an irreducible representation of the Clifford group Cl n fl, and 8 
the derivations Sie^ = fiie^. 

• If n is even, the grading operator T is given by X^o-gs sign(cr) Y[ t A a ^, 
with Aj the matrices given above. 

• A unique ( up to multiplication with a complex number of modulus 1 ) anti- 
linear isometry J that acts as 

(29e) Je M j = e(ft ■ Aj*)Ae_ MJ -. 

with A a bounded linear operator such that AA^ = Id and DA = —trjAD*. 



In lower dimensional cases we can explicitly calculate what form C in ( 29d ) can 



take. In 28 Lemma 2.3, Theorem 2.5] it is proven that C = if n = 2. For n = 3 
we have the following: 

Proposition 1. If n = 3 the constant matrix C must have the form qld where 
q £ K arbitrary. If n = 4, the matrix C must have the form 

/0 a_ b\ 

-b a 

a -b 

\b a 0/ 



20 



JAN JITSE VENSELAAR 



where a, b G C. 

Proof. If n = 3 it follows from Theorem [C] that 

J = e(jLt • A/x) ajke-^.k, 

with J = {1,2}. We choose a particular form of £>, given by the particular repre- 
sentation of the Clifford group C^o known as the Pauli matrices. We see that 

J = e(n ■ A/x) ^ 

just as in the n = 2 case in [281 Theorem 2.5]. Using the appropriate values for ej 
and cd found in Table [T] we see that the defining equation is JC J = C and by a 
calculation this shows that C = qlA where 56R arbitrary. Similarly for n — 4, we 
can just check what the conditions are for C to satisfy the equations TD = —DT 
and JC = CJ, and this gives the possibilities given in the proposition. It is trivial 
to calculate similar conditions for higher dimensions. Due to the increase in the size 
of matrices, and relaxation of the commutation relation with T when going from 
n = 2k to n = 2k + 1, the number of parameters will increase when n grows. □ 

Remark 3. If we choose a representation for Clip, Cli$ and CIq^ all Clifford 



algebras Cl n fi can be constructed by the basic isomorphisms 26 Theorem 1.4.1]: 

Cl n .o Cg) C7o,2 — C^O.n+2, 



We choose a representation: 

Clifi = 1, 

C^2,o = 



CIq,2 — 



-i 

-1 

1 



1 

-1 

1 
-i 



the (unique up to multiplication with a complex number of norm 1) matrix part of 
the J operator can easily be calculated: 



(30a) 
(30b) 

(30c) 



■h 



■h 



■h 



1 

-1 



{ 


1 







-1 




















-1 







1 


0/ 


(° 





-1 


°\ 











1 


1 













-1 





0/ 



In this representation, we also see that for all n, the matrix component of J has 
precisely one nonzero element in every column or row. 
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10. Unitary equivalences 

After establishing that all real spectral triples on the noncommutative n-torus 
are isospectral deformations of spin structures on the commutative n-torus, we 
show that there is a big difference between their groups of symmetries. In the 
commutative case, a diffeomorphism acting from the torus can transform a spin 
structure into another according to the action of the diffeomorphism group as cal- 
culated in [15] . Here we show that in the noncommutative case when n = 2 most 
spin structures, except the isospectral deformation of the trivial spin structure, are 
equivalent. When n > 2 the result is less conclusive, due to insufficient knowledge 
of the full automorphism group of the C*-algebra in that case. 

Recall the definition of a unitary equivalence between two spectral triples: 

Definition (Unitary equivalence) . A unitary equivalence between two spectral triples 
(.4, H, D, J, (r)) and (A, H, D' , J', (r')) is given by a unitary operator W acting on 
the Hilbert space H such that 

(31a) WTt{a)W- 1 = 7t(ct(o)) Va € A, 

(31b) WDW' 1 = D', 

(31c) WJW' 1 = J', 

(31d) WTW~ 1 = r / , 

where a is a ^-automorphism of the C* -algebra A such that the algebra A is mapped 
into itself. 

We first recall what is known about the automorphisms of the C*-algebra A(Tg). 
The main tool for understanding the automorphism group of a general noncommu- 
tative n-torus is [5j Theorem I], which tells us that for 9 in a set which has full 
measure in the space of all antisymmetric matrices, the algebra A(Tg) is an induc- 
tive limit of direct sums of circle algebras. This results allows one to generalize a 
lot of results on noncommutative two-tori to higher dimensional tori. 

For a noncommutative n-torus which is an inductive limit of direct sums of circle 



algebras, the automorphism group fits in the following exact sequence 21 Theorem 
2.1]: 

1 -> En(A(T£)) -> Aut(A(Tg)) -> Aut(Jf(A(Tg))) -> 1, 

where an automorphism of Ko(A(Tg)) © Ki(A(Tg)) should preserve the order unit 
[U(TJ)] and the order structure (K Q (A(T^)) © ifi(A(T^))) + . 

The left side of the exact sequence can be further specified by [21] Corollary 4.6], 
which states that for algebras which are inductive limits of direct sums of circle 
algebras Inn(A(Tg)) = Inno(A(Tg)). This means that an inner automorphism of a 
noncommutative torus can only give a unitary equivalence of two spin structures 
if the identity automorphism gives a unitary equivalence between the two spin 
structures. 

By 30l Theorem 6.1] the order structure (K (A(Tg ))) + consists precisely of 
those elements for which the normalized trace is positive, and by [18 [ Theorem 3.1], 
the image of this trace on Kq is equal to the range of the exterior exponential of 9: 



-. even 

exp/\0 = lffi0ffi-(0A6O©...: f\ Z r ' 
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For noncommutative 2-tori with 9 irrational, this means that all automorphisms 
of K(A(T 2 g )) must be the identity on K a (A{T 2 g )) = Z + 6Z. The K x groups for 
noncommutative n-tori are also known to be isomorphic to Z 2 . For n = 2 
a partial lifting of Aut(Z 2 ) = GL(2,Z) is known j6j, and given by the action of 
SL(2, Z) on the lattice Z 2 of unitary generators U x . In [l9] it is proven that in fact 
the whole automorphism group of the algebra A(Tg) for irrational 9 with certain 
extra Diophantine conditions is given by a semidirect product of this action, the 
canonical torus action: U ei <— > XiU ei and the projectivized group of unitaries of 
j4(T|) in the connected component of the identity: 

PU(A{T 2 g ))° x (T 2 x SL(2,Z)). 

For n > 2 the situation is less clear, since the action on the K group need not be 
trivial anymore. When n > 2, if 9 is a matrix such that all 9ij are independent over 
Z, one can easily calculate that an outer automorphism cannot simply map basic 
unitaries to other basic unitaries. An automorphism a of this form must satisfy 
e(c(x) • 9a(y)) = e(x • Oy) for all x, y E Z™. If the 6ij are independent over Z, we 

(^-11 ^ 12 \ 
G SL(2, Z). 

When n > 2 the only solution for all x and y is cr(x) = ±x with sign the same for 
all x. 

With this knowledge of the automorphism group, we can proceed to our main 
theorem of this section. 

Theorem |B} Except for a set of 9 of measure 0, the different spin structures of the 
smooth noncommutative n-torus A(T g l ) cannot be unitarily equivalent by an inner 
automorphism of the algebra. 



In the case n = 2 the theorem was proven in 28, Theorem 2.5 



Proof. While for the proof of Theorem [B] it is only necessary to consider inner 
automorphisms, we get Corollary [2] if we also consider automorphisms induced by 
an action of SL(2, Z) on the algebra. 

By [21| Corollary 4.6] and 51 Theorem I], we have that for almost all noncom- 
mutative tori Inn(A(Tg)) = Inno(j4(Ta)). This means that if an inner automor- 
phism changes the spin structure, than so does the identity automorphism. We 
will assume in the following that the components of 9 in the upper right corner 
are independent over Z. The set of 9 all of whose components in the upper right 
corner are independent over Z is of full measure, and so is the set of 9 for which 
Inn(^4(Tg)) = Inno(»4(Tg)), so their intersection also has full measure. 

We label the basis of the Hilbert space for the different spin structures by the 
same labels m, so fi — m + e. We see that for a spin structure e the operator J, 



written as in equation (22), acts as 



Jee m ,i = Ay-e((m + e) • A(m + e)) e_ m+2e ,j. 

We consider a unitary transformation W, induced by an automorphism a G 
SL(2, Z), and denote 

We ,i = X/X/ w Kij e Kji 
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for the action on the eo,i, and write <r(x) for the obvious action of the automorphism 
<7 (either an element of SL(2, Z) when n = 2, or the action x n- ±x when n > 2) 
on the vector x G Z". 

We first show that the action of the unitary transformation W on the Hilbert 
space is fully determined by the action on the different eo,j- Next we show that the 



condition (31c) implies that the action of the unitary transformation on the basis 
vectors must be such that a basis vector eo,i is mapped to a linear combination 
of vectors e kj z with k = e — a(e), where e is the original spin structure and e the 
new spin structure. If <r(e) = ±e, this means that the spin structure is unchanged, 
since k must lie in Z n . For the noncommutative 2-torus, we have u € SX(2,Z), 
and we see that if e G Z 2 , the spin structure is unchanged. All spin structures on 
the noncommutative 2-torus for which e ^ Z 2 are unitarily equivalent. 

Consider a unitary transformation W that maps a spin structure e to e. Since 
e Xl , = U x e(— x • Ax/2 — x ■ Ae)eo,i and using (31a) we can write 

We m> i = WU m e(— m ■ Am/2 - m ■ Ae)e ,; 



U a ( m) e(-m ■ Am/2 - m • Ae) ^ w Ktj e K: 



= ^2 e \ (J {' al ) ' A(k + e) + ^cr(m) • Acr(m) - m • Am/2 - m • Ae j w k ^e k+a ( m ^ 



k,j 

So the action of on the Hilbert space is fully determined by the action on the 



eo.i- Requirement (31c) gives the following equations: 



WJ e e mil = Aye ((m + e) • A(m + e)) We- m+2e ,j 

= ^ A ^ e (i m + e ) ' A ( m + e ) + + 2e) • A(k + e + ^<r(-m + 2e))J 

■ e ^-(2e - m) ■ A(e + ^(2e - m))^ u^k^je k+0 .(_ m+ 2 6 ),j 

= ^2 A y e ( e • A(-3e + 2m) + cr(e) • A(2(e + k) + cr(2e - m))) 

k,l 

■ e fm ■ A(3e + ^m) + cr(m) • A(-e - k + ^(^m - e)) j w k jie k+<T (_ m+2e ) : ; 

JgWe mi!i = 53 e (cr(m) • A(k + e + tr(m)/2) - m • A(e + m/2)) w k , y e k+CT(m) ;j 
kj 

= Aj-je ((k + cr(m) + e) • A(k + er(m) + e)) 
kj 

' e (- CT ( m ) ' A ( k + e + ^(m)/ 2 ) + m ' A ( e + m / 2 )) Wk,y e -k-a(m)+2£,j 

= A i; e ((e + k) ■ A(e + k + <r(m)) + m ■ A(e + m/2)) 

kj 

■ e Q°"( m ) ' Acr(m) J < !ii e_ k _ CT(m)+2 g,j- 
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Collecting the vectors with the same indices and in the same Hilbert space W we 
see that for indices k + <r(— m + 2e) = — k' — er(m) + 2e, or k' = k + 2e — 2cr(e): 

e ^cr(-m + 2e) • A(k + e + ]^a{-xa + 2e)) - (2e - m) • A(e + * (2e - m))^ w kj7 
= Ajte f(e + k) • A(e + k + er(m)) + m ■ A(e + m/2) + ^cr(m) • Acr(m)^ w* KlJ . 

Since A -1 = At and J2j^-ij^*ji = with &u the Kronecker delta, this implies 
that 

Wk tij = ± e (2e • A(3e - 2m) + 3e ■ A(3e k + cr(-2e + m))) 

• e (k • A(-3e + k + a(2e - m)) + a(e) ■ A(-4e + 4k + 3cr(2e - m))) 

(32) • e (a(m) • A(e + k + a(e)) - 2m • Ae) u£ k+2g _ 2<7(e0 ,y. 
Applying this same formula again for tu* fc+2 g_ 2o .( e ) y, we get 

w-k+2e-2«r(«),tf = e ( e ' A ( 3e - 2m ) - (e + k) • A(e + k + <j(m)) - m • A(4e + m)) 

(33) • e (cr(e) • A(6e - 2k - cr(2e - m)) + cr(m) ■ A(3e - k - cr(e + m))) w kJfe . 



Filling in the expression of ( 33 ) in ( 32 ) , we see 

Wk,jk = e (2e • A(4e - 2k + er(m - 3e)) + 2k • A(er(e - m) - 2e)) 

• e (2cr(e) • A(3k - 5e + cr(4e - m)) + 2<r(m) • A(k - e + cr(e))) w kjfc . 

Collecting all terms which contain m we see that these add up to 2cr(m) • 6(k + 
<r(e) — e). Since the equality above should hold for all m, this means that either 
Wk,ij — 0, or m • 9(k + cr(e) — e) = for all m. 

If all components of 9 in the upper right corner are independent over Z this can 
only be the case if k + a(e) — e = 0, hence k = e — a(e). Since k must lie in Z", we 
see that if <x(e) = ±e the spin structure cannot change. □ 

From the proof it also follows: 

Corollary 2. Let a G SX(2,Z). The automorphism a ofZ 2 induces an automor- 
phism of the noncommutative 2-torus of the form U x M- E/o-(x) • 

This automorphism induces a unitary equivalence of real spectral triples which 
maps a spin structure e to e = u(e). In particular, real spectral triples on the 
noncommutative 2-torus which are not isospectral deformations of the trivial spin 
structure on the commutative 2-torus are unitary equivalent to each other, via the 
following unitary map W : 

We^ = e ff(M ), 
wu^w- 1 = C/ a(x ), 

D'= \ Y / o-- 1 (T j ) -6j ®Ai, 

J' = J, 

composed with an additional unitary map given by Lemma [7] that maps the repre- 
sentation ir A with A' = ct'Act to the original ir A . 
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Proof. The statement about the spin structures follows from the statements at 
the end of the proof of Theorem [B} Since a € SL(2,Z) is an automorphism of the 
lattice Z 2 , it cannot map an e ^ Irto one in Z 2 and vice- versa. On the other hand, 

set eio = (j^J ,eoi = ,611 = MM, and M = ^ 1 ' 

SX(2,Z). We see 

en 



-1 1 



,N = 



1 




6(11 



where the matrices M and iV act by left multiplication, so there exist a £ SL(2, Z) 
such that the e ^ Z 2 are mapped to one another. Given a unitary operator We^ — 
e a (fj_) , we can calculate its action on the Dirac operator by using the definition 
(itlbl: 



D'e^k = WDW~ l e^ k 
= WDe a -i (jlhk 



(<r ^Tj) • fj) ® Aje^k- 



The action of the automorphisms cr € SL(2,Z) on the Dirac operator when e = 



was also determined for e = in 37 Section 7. 1] . with the change in notation that 
our T\ is given there by M ^ ^ and our r 2 is there 



□ 



Some questions left unanswered by these results are the effects of the outer auto- 
morphisms for n > 2 and Morita equivalences of noncommutative tori, as described 



in 32 and 20 , on the spin structure. Also, the definition of an equivariant spec- 



tral triple can be generalized to allow [D, h] 7^ 0, but bounded. This was used to 
construct equivariant U q (SU{2)) spectral triples in 14 . It would be interesting 



to investigate what possibilities this would open up for the noncommutative torus. 
We hope to return to these questions in the future. 
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